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Abstract

T

We review a formulation of the entanglement entropy of a quantum scalar field in terms of its space-
time two-point correlation functions. We discuss applications of this formulation to studying entanglement
entropy in various settings in causal set theory. These settings include sprinklings of causal diamonds in
various dimensions in flat spacetime, de Sitter spacetime, massless and massive theories, multiple disjoint

regions, and nonlocal quantum field theories.
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Introduction
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Entanglement entropy is a useful measure of our limited access to quantum fields’ degrees of freedom.
This limited access can occur, for example, in the presence of an event horizon, where correlations between
field values at points in the interior and exterior of the event horizon, (0 |¢ (x;,,;) § (X ex: )| 0) , are no longer

available.
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Entanglement entropy is one of the most important concepts in quantum gravity. It naturally com-
bines both quantum (entanglement) and gravitational (area laws) properties. It was originally inspired by
the search for a fundamental understanding of black hole entropy: we know that black holes classically have
the Bekenstein-Hawking entropy [1,2] associated with them, which scales as the spatial area of the event
horizon, but we do not know what the fundamental or microscopic origin of this entropy is (e.g., in the sta-
tistical mechanical sense of what the microstates leading to this entropy are). It is one of the important tasks
of quantum gravity to provide insight into this. Entanglement entropy, as first shown in [3], also generically
scales as the area of the boundary of the entangling region (which in a black hole spacetime is the area of the
event horizon). Hence, it is a promising direction to investigate this question. Ultimately, we expect entangle-
ment entropy to contribute to black hole entropy; the open question is whether or not it will be the dominant

contribution.
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Let us now review some general aspects of entanglement entropy. Entanglement entropy is convention-
ally defined using a density matrix p , which is initially pure, meaning that we have full information about
the quantum system and the von Neumann entropy vanishes:
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Subsequently, we trace out of the density matrix the parts of the system that we do not have information
about. Traditionally this tracing out is done on a spatial hypersurface )} , as in Fig. 1, which is divided into
two complementary subregions, region A and region B, one of which represents the degrees of freedom we
do have access to and the other the degrees of freedom that we do not have access to. After we trace out the
degrees of freedom in one of the subregions, for example, those in B (We would get the same answer if we
instead traced out the degrees of freedom in A to get pg and computed Sz . We refer to this as complementarity

below.), we get a reduced density matrix:
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and the entropy of entanglement between region A and B is defined as [3]
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Sa=—Trpalnp,. (3)

Fig. 1 A spatial hypersurface ) divided into two complementary subregions A and B
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Itis crucial that the theory one is working with has a UV cutoff with respect to which we count how many
degrees of freedom we do or do not have access to. Without a UV cutoff, we would get an infinite answer for
the entanglement entropy in (3).
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Since the original work [3] in the context of black hole entropy, entanglement entropy has found many
additional useful applications in other areas of physics such as quantum information [4] and condensed matter
physics [5]. Depending on the specific application in mind, different techniques may be used to evaluate the

entropy in (3). This choice of technique is often motivated by physical and computational considerations.
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In causal sets, there is no analogue of field data on a spatial hypersurface (i.e., a Cauchy surface). Figure
2 illustrates the reason for this, which is essentially that there is no guarantee that there will not be relations
that will not make an imprint on a subset of unrelated elements. Therefore, we cannot work on a hypers-
uface as in Fig. 1 and must use an intrinsically spacetime approach to compute the entanglement entropy.
Fortunately, a spacetime definition of entanglement entropy, in terms of the spacetime two-point correlation
function, exists and can be used in causal set calculations. We review this formulation in section "Entangle-
ment Entropy from Spacetime Two-Point Correlation Functions”. While we are led to a spacetime formulation
of entanglement entropy in causal set theory out of necessity, there are in fact numerous attractive features
of working with a spacetime definition of entanglement entropy. For example, quantum fields themselves
are really spacetime quantities (their domain is spacetime). Therefore, it is more natural to study them in
spacetime. Furthermore, quantum fields are highly singular and may not always admit meaningful restric-
tions to spatial hypersurfaces. We devote section "Quantum Field Operators Are Distributions in Spacetime”
to supporting these statements with some concrete examples. Finally, in section "Applications” we discuss
several calculations of entanglement entropy, in settings including sprinklings into flat spacetime and de Sit-
ter spacetime, before ending in section "Discussion and Outlook” with a discussion of some subtleties of and

the future directions for this work.
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Fig. 2 The pink elements form a maximal antichain, which is an inextendible set of unrelated elements
such that every other element is to the past or future of at least one of the elements of this set. This is the
analogue of a spatial hypersurface in a causal set. In order for it to be a viable analogue of a Cauchy surface,
we must be able to deduce all causal relations using relations involving the antichain elements. However, this
is not possible, as illustrated by the counterexample above: the causal relation represented by the dashed line
has no imprint on the antichain; hence, we do not have an analogue of a Cauchy hypersurface in a causal set.
The causal interval between the two green elements does not include any element of the antichain, and the
dashed line between the pair of green elements represents a link. The figure above is to be understood as a
subset of a causal set, with all elements not shown causally related to the pink elements in this diagram, by

the definition of a maximal antichain
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Entanglement Entropy from Spacetime Two-Point Correlation Func-

tions
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A quantum field theory with local operators is typically fully determined by the set of all its n-point cor-
relation functions. If we consider a scalar field ¢ , these are (0 |¢ (x;) ¢ (x3)] 0), ... (0| (x;) P (x3) ... § (x,,)| O)
, where {x1, x,, ...} represent points in spacetime. In a Gaussian quantum field theory, things are much sim-
pler because we only need to know the two-point correlation function (0 |¢ (x;) ¢ (x,)| 0) . In this case, all the
higher n-point correlation functions are derivable from the two-point function through Wick’s theorem. For
the remainder of this chapter, except where explicitly mentioned otherwise, we will restrict the discussion to

Gaussian scalar field theories.
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Entropy from Correlation Functions

Since we are focusing on a Gaussian scalar field theory, as mentioned above, everything (including the
entanglement entropy (3)) must be expressible in terms of the two-point correlation function (0 |¢ (x) ¢ (x")| 0)
. The definition of entropy introduced in [6], which we review in this subsection, does precisely that. Specifi-

cally, the entropy is given by the sum:
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over the solutions A to the generalized eigenvalue problem
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while excluding components in the kernel of A
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W in (5) is the spacetime two-point correlation function or Wightman function, W (x, x") = (0 |¢ (x) ¢ (x")| 0)
, and iA is the Pauli-Jordan function or spacetime commutator of the field, iA (x,x") = [¢ (x),¢(x')]. Ina
Gaussian theory, iA is a c-number. We can obtain A using the retarded Green function, Gy , as A (x,x') =
Gg (x,x")—Ggr (x', x) . If we already have a state and therefore a W to work with, we can also obtain it through

the imaginary or antisymmetric part of W, i.e., iA (x,x") = W (x,x") — W (x',x) = 2Im (W (x, x")).
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More precisely, we must start with a global state (and its corresponding W ) which is initially pure. In
terms of the eigenvalue equation (5) and entropy (4), purity would mean solutions A thatare 1’ sand 0’ s.
In the next subsection, we review one choice of pure state, the Sorkin-Johnston state, which can be defined
in causal set theory. With a pure state at hand, we subsequently exclude parts of the quantum system that we
don’ t have access to by restricting the elements x and x’ in W (x, x') and iA (x, x') to lie in the spacetime
subregion that we do have access to, before solving (5). Then, we can interpret the resulting entropy from
substituting the solutions into (4) as the entanglement entropy between the spacetime region which is the
domain of x and x’ and its causal complement. Note that the causal complement will not in general be the

complementary spacetime domain (see, e.g., Fig. 3).
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It is in this way, owing to W (x,x’) and iA (x, x") being spacetime functions, that this formulation of
entanglement entropy is a spacetime approach. Additionally, due to its spacetime nature, it allows one to use
a spacetime UV cutoff such as the discreteness scale of a causal set. This can give our counting of degrees of

freedom a covariance and universality that is not present in the more spatial formulations.
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We can in some cases compare the results obtained from this method to the results from the conventional
spatial methods. We can do this, for example, when the regions of spacetime that we consider are domains
of dependence of Cauchy surfaces. Figure 3 illustrates an example of this, since the causal diamonds are
domains of dependence of the 1D intervals connecting the left and right spatial corners (e.g., their diameters).
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This entropy formulation is derived in [6]. An alternative derivation of it using the replica trick can
be found in [7]. Quite surprisingly, this formula can actually be used beyond Gaussian theories. In [7] it
was shown that up to first order in perturbation theory, the entanglement entropy of even non-Gaussian or
interacting theories, is captured by the two-point correlation function via (5) and (4). The only difference in
the interacting theory case is that the W that enters (5) is the interacting one, and while iA would still be the

antisymmetric part of W, it is no longer the commutator.
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Fig. 3 Causally complementary spacetime subregions A and B in a causal set
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The Sorkin-Johnston (SJ) Vacuum
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The Sorkin-Johnston (ST) Wightman function [8,9] is defined in the same algebraic and spacetime spirit
as the entropy formulation we have just reviewed. It uniquely picks out a vacuum state in any globally hyper-

bolic spacetime.
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To define the SJ state, we require the spacetime commutator function iA . As we saw above, we can
8D (x—x")
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express iA in terms of the retarded Green function (((J + m?) Gg(x,x') = — , where Gy (x,x') is

only nonzero if x’ < x .) as
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iA is antisymmetric and Hermitian. We can then rewrite it as an expansion in terms of its positive and

negative eigenvalues and their respective eigenfunctions as
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where u; and v; are the normalized positive and negative eigenvectors, respectively, and ;> 0. The SI

Wightman function is defined by restricting to the positive eigenspace of iA :
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When we define W in this way, the only solutions to the generalized eigenvalue equation (5) are = 0
or 1 = 1, and this makes the entropy (4) vanish, as required if the state is pure. It is also worth mentioning
that in static spacetimes, the SJ vacuum is the same one that is picked out by the timelike and hypersurface-
orthogonal Killing vector [10]; hence, the SJ state is known to reflect the symmetries of the background ge-
ometry if there are any. In all of the entanglement entropy applications that we will review in section “Appli-
cations”, the SJ state is used as the pure state.
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Both the entanglement entropy formulation and SJ state prescription can also be used in continuum
spacetimes. Before moving on to their applications in causal set theory, we will in the next section motivate

why it is desirable to work with spacetime formulations, in general, when studying quantum field theories.

10
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Quantum Field Operators Are Distributions in Spacetime
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At least as early as a 1933 work by Bohr and Rosenfeld [11], it has been recognized that quantum field
operators are only well-defined as averages over finite regions of spacetime rather than at individual spacetime
points. This averaging is achieved through smearing the quantum field with smooth, real-valued functions
with compact support:
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See also [12] for a modern review of the convergence issues that arise if quantum fields are defined at
points in spacetime rather than as distributions. Less wellknown is the fact that generic nonlinear operators in
free quantum field theories are not well-defined if they are smeared with functions with support only on spatial
hypersurfaces rather than spacetime regions [13, 14]. They become well-defined only after some smearing in
a duration of time as well. Furthermore, based on perturbation theory, then, it is expected that operators
in generic interacting quantum field theories are also not well-defined on spatial hypersurfaces, since they
would contain the ill-defined nonlinear terms from the free theory.
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Below we study this behavior for two generic nonlinear operators (¢ and T,;) in free scalar field theory

in Minkowski spacetime.
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Variance of a Free Scalar Field ¢*> Operator
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Consider the usual quantum scalar field operator in 3 + 1 spacetime dimensions:

11
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where E, =4/ |p|2 +m2and x = (£,X).
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Let us now examine the normal-ordered ¢? operator, and smear it with a test function f (x) = f; (¢) f5 ()

with compact support on a time t' = const slice, i.e., f; (t) =5 (t — t')
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We then square the result and compute its expectation value in the Minkowski vacuum:
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where £, is the Fourier transform of f, . The integral can be seen to be linearly divergent by simply
counting the powers of p and k , and assuming that f;, is square-integrable. However, (13) converges if the
smearing is done over an extent in time as well. To see this, let us for simplicity assume that the smearing
function is separable, i.e., f (x) = fi (¢) f, (x) as before (where f; is no longer a delta function) and both f;

and f, are square-integrable. Then,
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12



with F; (k°) defined as the absolute maximum of f; with respect to p° at a given k° , and I (k) being the
p -integral of the remaining p -dependent variables. Since it can be shown that I (k) ~ |_11<| for large |k| , and

F, is square-integrable, we see by counting powers of k that the integral is convergent.
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Expectation values such as the one we have considered above are ubiquitous in operator product ex-
pansions (OPEs) and appear in generic correlation functions. Similar divergences occur for other nonlinear
operators such as ¢" for n > 2 and the stress energy tensor T, (as we show below), and suggest that quantum

field theories generally need to be considered in a spacetime region.
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Variance of Scalar Field Energy Density Too

bt itie R R 5 22 thant

The simple construction above shows that certain operator expectation values are divergent when smeared
only on a spatial hypersurface and convergent when smeared in spacetime. Let us next consider the analogous

calculation for a physically more interesting quantity, namely, the scalar field’s stress-energy tensor:
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1 m?
P Tap =0 0a$0p$ T —5Tab 1 OcpdP  ——Nap ¢ : (16)
We will focus our attention on the energy density component : T, :, and show that its variance diverges
when smeared on a hypersurface, but can be made convergent with an appropriate spacetime smearing. Sub-
stituting in the definition of ¢ and smearing with a square-integrable test function f (x) = §(t —t') f, (x)

defined on a timeslice, the expectation value of the variance is given by

BATHESCERERBE D& Ty :, IFIEACIEREIMME L smear J577 2 K8, MBI &IEMK
7% smear A] DAFH LS, RN ¢ FIE X, FEHEXLER BT A EREG af# R f (x) =
5(t—t") fo (x) M smear 5, 77 ZMHAEER]S N

d3pd3k(EpEk + P k —

. .2 =
(0]: Too (f) : 2|0) f 820°\  VEvEx

We then see in the large |p| and |k| limit that the leading order contribution to the integral is

m?> 2 _ 2
) [+ . (17)
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BABEE=ER, K |pl M k| R, FRHIGELE TRk

(0] Too (f) = %]0) ~ fd3pd3klpl K| (1+ cos 6)°|f3 (p+k)|2, (18)

0 being the angle between p and k in the dot product above. Since this integral has higher powers of p
and k than the integral in (13) which we already showed diverges, it follows trivially that (18) diverges as well.

6 2 BRI p 1 k A, TR EEBRATESUERR A BT (13) IR 6 & B &SR
p Mk, BARATDAHEHIFK (18) AR

In order for a time smearing to make (18) converge, more care needs to be taken than in (14) where
generic square-integrable smearing functions suffice. Here we have in effect four extra factors of p and k ,
so we need to ensure that the Fourier transforms of our smearing functions decay fast enough near infinity
to counteract this. For this reason and for simplicity of analysis, we will use Gaussian smearing functions
(While technically a Gaussian does not have compact support, its rapid decay restricts meaningful values to a
local enough region. In any case, one could also work with "bump” functions which have compact support,
but nonetheless have Fourier transforms that decay faster than any power law, as demonstrated in [15].). We

again write the spacetime smearing function as the separable function f (t,x) = f; (t) f5 (X) , where

5 X BEE V77 AT smear AU EHI (14) MHEL, ZIEIR] smear 1EFX (18) ek, FAIIFHFE
S HAAC L, SR EIARTRATIZ T YA p R k R, [RIEERAT IR ZEARIIE smear BREX A& EL M-8 460
FETCTT IR BRI TR, RIRTH AL HTRXADRERE, RNy, BAHEER SHT smear XK
B ORETHRS R = R BN B SRS Hs, (B PO J0RE A 200 T B AR A1 R 0% Jo S X 3R
Wo FEICHN(, AT AT CAGEAT AR BSHER) “E” %L, EANSCHR [15] FriERARY, X8 4
M AR B RO R TR, BATHICRINZE smear BEUE R B f (6,x) = f (1) (%)
, Hrf

(20+k0)*

@O == | (p°+ k) we (19)

2

fr(x) = e % = I+ 1<)|2 x e_%. (20)

The variance of the spacetime smeared energy density then at large |p| and |k| has leading order contri-

bution:

LN 2 smear (IREREERITT 2, FEK [pl M k| THIFELE SR N :

f

(O Too (f) : 2| 0) ~ f a3 pd*k p| k| (1 + cos &) F; (p° +K°)[ |5 0 + 10

(21)
< f a3k k| f; (k)1 (), (22)
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where the inequality follows from fi (v +w) < f; (v) for all positive v, w when f; is a Gaussian, and we

have simply grouped the remaining terms into the p integral I. One can then asymptotically evaluate I as

Y R HTERARES, XATE ER v, w B £ (0 +w) < f; 0) BIAE R EIRRER, BAMCKFE
RN p B0 1o BE AT DA T #HLsRIER 2]

2 _ o+’
I(K) /d3p Ipl (1 +cosB,) e 2 (23)
~ 0 (K log () + O (i) + 0 Jkf'e™ ). (24

in the large |k| limit. Replacing the leading-order term back into (22), the upper bound on the variance
of the energy density becomes asymptotic to the |k| -integral:

TER |k| PR o FHUEKMIAREIR (22), RERRE 72N FFUNEET (k| F5

2
k|

O Too () : 2)0) < f d K| K log (Jk|) e 3. (25)
0

The decaying Gaussian will dominate asymptotically, so this integral is finite.
HRASATRERELL S 1S, B2 AR,

Therefore, as anticipated, (0|: T,y :: Ty :|0) is well-defined only as a distribution in spacetime. The
smearing in the above discussion can be considered as a model for making a measurement. We would certainly
not expect the energy in a bounded region to have an infinite variance, but we see that a finite variance is only
obtained if the bounded region is in spacetime rather than in space alone. Hence, we can conclude that the
quantum stress tensor is only meaningful as a distribution in spacetime. See also [16] for evidence that a
well-defined probability distribution for the quantum stress tensor is only obtained for averages in time or

spacetime.

(KItE, EARFUH, (O] Typ @i Typ 1| O) UVENIZEAREI 2 RAE XA, BRI IEHHY smear 7] 2L
BRI EAERL, BAISRAITIHEFRXIBANRERREGILS KT E, HEMNEBIMIEERX
SRR I 22 X AR 2 R XU, RATA REREIAIRT 2, BT G HEse: B rFRERDIE
KB ENN R SR AR XN, XT RN EKE HEN RN 2T N RS2 R
T SRR AR HIUESE, 55 WK [16].

Applications

M|

Having established the importance of entanglement entropy in quantum gravity, as well as the impor-
tance of treating quantum fields in a spacetime domain, let us now explore what work on entanglement en-

tropy in causal set theory has been done.
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FERNCL T MESER 75 HEZENE, URENTSEHCEE FNEEN G, BlE
IEFRATRR AR S HIL A 20 T2 ZRAR 42 52 BRI AR Ao

As a reminder, the calculation of entanglement entropy schematically amounts to

TRME— T, MR EAHER 2

GR—)iA—)Wsj—)S (26)

However, note that the scheme above does not tell one how to obtain the retarded Green function, G ,
which is the starting point. In fact, in general there exists no known expression for Gy in terms of quantities
intrinsic to the causal set (such as the link or causal matrices). The examples below represent some important

and interesting cases where an expression for Gy is known.

HRFEER, L7 SEHEA NSRS ER AR G o T L, —BeRUHRT
A TR, FHRRENE R (FLnRER sl KR ME) R G RIEX, THEIBIFHH 17—
Gr RIEACHIREZE HABIIEL.

Causal Diamond in 1 + 1D Flat Spacetime

1+1 4E°F E N KR 226

The most studied and well-understood setting for entanglement entropy in a causal set is the causal
diamond in 1+1D. This setting also benefits from numerous analytic results from the continuum being known

and available for comparison.

KIRE AT 7 B 2. FERECEMIR R 1+1 4EMRIRZETY,, % 508 A M2 18580
rassR, Al tes%,

We will mainly focus on the massless theory, for simplicity. The retarded Green function in 1 + 1D
Minkowski spacetime, for a massless scalar field theory, is

NERREN, Bl FERETLFEMC, 1+ 1D XEKNZSHICAEIRE&7 ISR RN

G (x, ') = %Q(t —e(), @7)

where 7 = \/ [t — 1.‘|2 —|x - x’|2 is the proper time between the two points and 6 is the Heaviside step
function. In other words, Gy, is only nonzero if x" causally precedes x and when it does, Gy takes the value %
. With Gy, so directly related to the causal structure, we have an exact analogue of it in the causal set in terms
of the causal matrix C . The causal matrix similarly has a nonzero value of 1 for each entry C,,, where x’
causally precedes x or x" < x . Therefore, all we have to do is multiply the causal matrix by the constant % to

get the analogue of the retarded Green function in the causal set:
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E¢T=Jﬁ—f—m—xf%ﬁﬁﬁmﬁﬁﬁyG%Zﬁ%mﬁ@ﬁoﬁ@%m,ﬁﬁfﬁ%%
?xNGRﬁi,%NGR%Wﬁﬁéom?GRﬁﬂ%%WE%W%,ﬁmﬁﬁ%%*ﬂu@ﬁ
KERFERE C REIERIRETAAT N, R0, MENMHRE x' FERET x 8l x’ < x FU5RH Cypy , R
FERJAESEUE N 1. Fit, TR TR AR TR DAF 2L %, AL REASH 21 DR SR 8 R AR AR BR B 0T
MTER:

1

Next, we form iA from % times the antisymmetric part of the causal matrix (When we write Cyy , We

mean the entry corresponding to elements x and y in a point basis representation of the matrix C .):

BETOR, Bl TP R SAEREA SRR DA £ 93 i6 CHTRATS T Cyy I, SRAVRHENE C SR
TRERRTEE x Al y [94 H):

. i
Ayyr = 2 (Cxrx = Cxxr) (29)

From here it is a simple algebraic exercise to diagonalize (29) and restrict to its positive eigenspace to
define W gy . The SJ state in the 1 + 1D causal diamond has been extensively studied [17]. It resembles the
standard Minkowski Wightman function (with an IR cutoff) away from the boundaries of the diamond. Near

the left and right corners, it resembles the Minkowski Wightman function with a static mirror at these corners.

FEt, XA (29) FIRHIZHIEARER FRE L W gy HE2— PRI EZRS, 1+ 1D KR
HE) ST ASBEEE] 1T =I5 (17], EEEEFILRIXIR, BT LLAMEMT AR 1 ] i
SREG EAAMKNE, EROOXLE AT A RSB R FEHE 2 R

In [18, 19] it was shown that if we go ahead and compute the entanglement entropy according to the
steps in section "Entropy from Correlation Functions,” we obtain an unexpected answer: instead of the usual
spatial area law scaling of the entanglement entropy with the UV cutoff, we obtain a spacetime volume scaling.
Since we have N « V in a causal set, a volume scaling means that the entanglement entropy scales linearly
with N instead of the expected NP~2 scaling in D > 2 or logarithmic scaling when D = 2.

SCHR [18,19] AR, ARFBAHZI “REXEES R — RS R EA%R, 58— PP
ERHIEER: TSR Z N S ARRAREE, 1T A FEH 2R RE 55 S MBI A8 3 2 (R AV AR, T IA]
REFHEEN « V, BREWREEMWE MR N LR, mARUHS D > 2 PRI NP2 HRE,
AZ D = 2 NI ERE,

More specifically, to study the scaling of the entanglement entropy with the UV cutoff, which in length
dimensions is p~/P (where p is now the sprinkling density), we fix the geometry into which the sprinkling is
performed (e.g., the blue diamond in Fig. 4), as well as the entangling subregion (e.g., the green subdiamond
in Fig. 4). We then vary the number of elements N that we sprinkle, thereby varying p and the UV cutoff.
Figure 5 shows an example of the volume law scaling obtained, for the diamond setup shown in Fig. 4.
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Fig. 4 The lower plot shows the SJ Wightman function in a causal set causal diamond, away from the
boundaries. The SJ state is computed in the larger blue diamond at the top. The values of W g; versus proper
time have been shown for elements in the inner Green subdiamond. Agreement is seen with the Wightman
function associated with the IR-regulated Minkowski vacuum state (red curve)

Kl 4 TEBERTIZE A AR E R REE AN ST Bk 2R, ST AR LRI EREE it
ﬁﬁ@ i, I’%lEP & T WERGR 72T TR W sy BEEA N AL, S5R5ME TR IRE

200+
150}
100+

50

100 200 300 400 500

Fig. 5 The entanglement entropy grows linearly with N, demonstrating a spacetime volume law scaling.
The points represent entropy values from the calculation of (4) in the setup of the upper plot in Fig. 4. The

line is a linear fit to the data. In this example, the ratio of the side lengths of the two diamonds was %

5 Y EMERE N LRI,  UERHT R N 2SR AR ,mﬁ%%l 4 FEZED (@) HRS2INk
{6, SREANBERILIERIS, RO, FDSHRBKH Z

This result is peculiar to the causal set calculation, as the continuum analogue of the same calculation
(performed in [20]) showed no sign of this behavior. A closer look at the eigenvalues of iA , with the help of
insight from analytic results from the continuum, reveals the source of the extra entropy. In the continuum

diamond with side length 2¢ , the eigenfunctions of iA with nonzero eigenvalues are [21]

ZERRERETTRAAR, BOVSCHR [20] FH5ERAT R — T R ADESEGERRA R TR %47 R 1
R EENESSENEERIER, PN A FAMEE, RIRIZIEOMERIRIE, N TIAKN 20
WG, BAAEFAMER ia AERECY [21]

nmw

fi (u,v) = e7tku _ o=ikv - ith k = —on= +1,42, ... (30)

g (u,v) = e~k 4 ek _ 3 cos (k¢), withk | tan(k€) =2ké Ak € R (31)
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The eigenfunctions above have been expressed in terms of lightcone coordinates u = HT; and v = %C

. The eigenvalues are 4, = ¢/k , with eigenvalues from both sets of eigenfunctions f; and g approaching

~ 2
A = % in the large k limit. The eigenfunctions (30) and (31) span the solutions of the Klein-Gordon equation

( Ker (I:l + mz) = M .). Therefore, if we were to consider a finite number of eigenfunctions up to some
kmax » We can think of k., as a cutoff. In other words, with a finite set of eigenfunctions up to k., , we
would only be able to expand solutions (e.g., initial data) up to this maximum wave number. Turning this
argument around, if there were reason to believe that solutions beyond some UV cutoff k ;,,, ought not to be

supported in a setting, we would expect to obtain a finite number ~ n,,,, of eigenvalues and eigenfunctions

Nmax 7T

corresponding to k., = . This is precisely the scenario we are faced with in causal sets. In our 1 +

1D diamond causal set, the discreteness length is L=/ Hence, we do not expect to be able to
o

\/—

meaningfully describe wavelengths shorter than this. Convertlng this wavelength to a wave number, we get

2= kmax = m/— = Npax ~ 2\/N , where the factor of 2 in 24/N comes from the fact that we have

N

two sets of eigenfunctlons f1 and g that will each have this k,,, and contribute VN .

EIARERBE AT u = 5 Rlv = 5F R KEEN L = ok, WAATERE f,
1 g AR k R THRIET A = 2 o AMERS(30) 1 (31) KR T SR 8 7 (
Ker (00 + m?) = Im (&) ) HRBZEIAL, (0L, WIS EEIR — Ky HIERTHIRAAGERAL, BEAT
DA e BUYETRHT, B2 22, SRIIE] gy HIE MO IRAERACSE, AT BERIF SR AT
LR (BITEIAESER. SIS HBE, USRS MU Ko, HOET 4 H A 1235 5
e, FRATRAT DAFUHIEIEIRA ~ i ST i = "2 (AEARIAERAR, JXERARAER
SAIBEINR, (ERIK 141 SRR, BKIOD — =/ T = £ WIERAVE%A
ROHIRLX B, G KOV, RAM98) 2% = ,j” = e = 2 =5 Py 0 2N

max

, Horh 2y/N IR T 2 R AR TERARMERLL 1 W g, BRBEEN ke, BTN VN

Spec(id)/p>0
1L &
0.100¢
0.010 -
0.001¢
107 ¢
10-5 L

1076

1 10 100 1000

Fig. 6 The positive eigenvalues of iA for a sample sprinkling into a causal diamond.

& 6 BEHUIA RISRZETERIREAR R iA B IEATEE
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However, a look at the eigenvalues and eigenfunctions of iA in the causal set reveals that we in fact end
up with many more nonzero eigenvalues than n,,, . An example of the spectrum of iA is shown in Fig. 6. The
values of the positive eigenvalues are shown on a log-log scale, where they have been ordered from largest to
smallest, and each i th eigenvalue in this ordering is paired with i on the horizontal axis. Circled are the extra
eigenvalues that are beyond the expected n,,,, . Interestingly, these extra eigenvalues behave qualitatively

differently from the rest: they do not follow a power law like the larger eigenvalues.

SR, WERAIREEH iA IAEEMAIERBa] AR, AL ESEIAERARIEELE . 215
%o iA TERI—DNEBANE 6 AR, EAMEERMEZRHITEDRBARFR b, RMEEZMREVNMEF, %
HEFP PR | DAE(EN AR i o B H R P RCR ny,, ROBISNAIEE, ARERE, X
LERRINAEAE A E AT A AR AAEE AN [ : BT A S R AR 2 AR

When the contributions to the entanglement entropy from these extra eigenvalues and their correspond-
ing eigenvectors are removed, we recover the expected spatial area law scaling of the entanglement entropy
with respect to the UV cutoff. This removal is referred to as a truncation, and it must be implemented at two
stages of the calculation: (1) a first truncation when W s; = Pos (iA) is constructed and (2) a second truncation
when the generalized eigenvalue equation (5) is solved. These truncations can also be regarded as projections

7/ N,

down to the subspace where k,,, = o where the diamond subscript indicates that in the first truncation

which is in the global diamond, N and ¢ are the total number of elements and size of this diamond, whereas
in the second truncation which occurs in the smaller subdiamond, N and ¢ are the number of elements in
and size of the subdiamond. When this so-called double truncationis performed, we obtain the result shown
in Fig. 7

FEBRIXELHRINAAEAE N X B AL A B AU PR Sk, BeATTaiifs 2 1 EHZRR 5% 2R ST I 73
HAZS R A EAREE , IX RIS ERAR BT, R HELHE RPN T:(1) #91E W gy = Pos (iA) INFY
BB, (2) KIET SCARME(ETTRE (5) INAYEE —IREMT, X EEMW tH ATN ] kpay = ”Tm Fit
ETAAILY, HPS FRdor: S— BT ER RSV, N e S BIR%ETI AT
BORIRSE; T8 OB E S/ N FEE B NIET, N A€ AR F2RRITBOR T, SesaX A
THRIXGEMTE, BTS2 T E 7 FoRiEiR

Note that, as mentioned earlier, a logarithmic scaling with respect to the UV cutoff is the expected “area

law” result in 1 + 1D [22], and this is what is obtained after the double truncation. A coefficient of § to the
logarithmic scaling is also an expected (A coefficient of % is expected in the case of two spatial boundaries (such
as in the configuration of Fig.4). The case of one spatial boundary, where a coefficient of % is expected, was

also studied in [23] and agreement with a logarithmic scaling and the % coefficient was confirmed.) universal

constant [24] that the causal set results agree with.

VATER, WIRTSCINR, 6 1+1D o, XT5IMRIH M AR R R TN B 4550 [22], X
TR DEITE IR LE 16, ATEBRIER) - RBCHR— MU (FEERT TR (I 4
Fa%) FURAREON £ o FlE—MERARARFRRLON <, W TS 23] RFS, IE
KT LT ERBIRER ~ RH ) WIEW I [24], FRELERGEH B,
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Fig. 7 The entanglement entropy versus the UV cutoff, following a logarithmic scaling with a coefficient

consistent with % . This is the conventional result according to the expectation of a spatial area law
B 7 AR R SN AR L, SRR ERE, HAREE % —%, AR AR AR

These results in the causal diamond were extended to the massive scalar field theory in [25]. In the mas-
sive theory, because mass is an intermediate scale lying between the UV (discreteness scale) and IR (diamond
size) scales, the same double truncation procedure of the massless theory can be used. This is extremely useful
as we lack analytic results in the massive theory to otherwise give us some guidance toward the nature of the
eigenvalues. In [25] scalings of the entanglement entropy with both the UV cutoff and mass were studied, and
in both cases the expected result of logarithmic scaling with a coefficient of % was obtained. In the same work,
the entanglement entropy results were also extended to Rényi entropies [26]. The Rényi entropy of order q,

in terms of the quantities we are working with in our formulation, is given by [18, 25]

A [25] BRRZEH X LSRG 2 T A RERRS IR, FAREHERY, B THRERNT
L0 (BERE) FIZ18h GEERST) Z BRI RIARIE, (R w] DAY FH R S B (I AH R R T 2 3
H T FE IO MR &S R N BRA HERAARIEE I MER, RIZ 55 E o STk [25] iFR T
A2 AR5 73 A BEEL MBI AN R VAR EEA T, IAMIE LB S 21 T WHAZE SR RECh § BN B, [F
— TAFIERF LM IS5 SR 2 T 5 e [26]. TERATAXATHNYEEEZRT, qMEEMTRR
9 [18,25]

-1
@ = —— —(1=1)1
5@ = — ;m(aq @-1). (32)
The solutions to (5) come in pairs of A and 1 — 1 and |4| > 1. Each term in the sum (32) represents the
contribution from one such pair. Similarly, other measures of entropy such as Tsallis entropy [27] can also be

calculated and studied in this manner.
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B, EAREIEE BIIAD Tsallis @ [27] AT AR X AR 75 5 T BRI

Disjoint Causal Diamond Regions

AHEZ R R EE T X 35

Another setting in which entanglement entropy in causal set theory has been studied is that of disjoint
causal diamonds within a larger global causal diamond in 1 + 1D [23]. An example setup with two disjoint
subdiamonds is shown in Fig. 8. Entanglement entropy of disjoint regions has been studied in several places
in the literature [28-30], and the calculations tend to be quite involved and difficult. In contrast, the calculation
using (5) and (4) for the disjoint diamonds is very similar to the calculation for the single diamond, which is
now well-understood and relatively easy to do. Therefore, this is an example where there are calculational
advantages, in addition to physical ones, to working with the spacetime formulation of section "Entropy from

Correlation Functions” in a causal set.

RIREEEIE IR AU RS 5 —HEZLZ 1+ 1D FERERFRZFEARI L RRZE (23], &8
JoR T RSN FZTERROIE, TS XIRA 2RI C7E 2 fi SR [28-30] HSEIRTA,
X RIEFE S E R, Mz T, R (S) MK @) AT RS RSP TTT
BAEEMM, MESPIHREMOCSFE e HEE, RIEEN AR, Fitt, ERRENFER “KH
RECS R — TN EAK, BRYERZINCEFHENS, AFR RN,

In [23] explicit calculations were done for the case of two and three disjoint subdiamonds; the entan-
glement entropy scalings in both of these cases were shown to be consistent with the logarithmic scalings
expected. While scalings with respect to the UV cutoff were the focus of [23], there are several other scales in
the problem (e.g., the sizes of the subdiamonds, the separation(s) between the diamonds, the distance away
from the boundary of the global diamond, etc.) whose relation to the entanglement entropy would be inter-

esting to investigate.

SCHR [23] AN =D AERFZERIEM T BT E; S5 0RIX R E T 2 R bR
AR B B — 2, RV SR [23] AR5 B U AU SRR AR N T2 S MM RIARE, (BRI TE
fFEZ N HAMRHERRE (BN TR, SR 2 R, ZEE2REER AR ESE), b
FIXEARE MR RS RET L

The mutual information for a two-subdiamond setup was also studied in [23]. The mutual information
in this case is the difference between the entanglement entropy associated with the union of the two subdia-
monds and the sum of the entropies of the individual subdiamonds. Specifically, the relation between the mu-
tual information and the separation distance between two diamonds was studied. The results demonstrated
the expected qualitative behavior that the mutual information asymptotically vanishes as the separation be-

tween the subdiamonds grows and diverges as the separation goes to zero.

23



SCHR [23] IEWT5E TN F 2R ER EER, X0 SREE RN 72 RN, MEM
DT ERA MR, BN T EE RS ML RREE XA, 4R RIHTUHNE
YEATON: BE RV RREARENDE T %, MERFEELTEA.

Fig. 8 Two smaller causal diamonds within a larger causal diamond

& 8 RIKIFRZZTE P ERHI MU AR ZETE

De Sitter Spacetime

TEPUREIN

Cosmological event horizons, just like black hole event horizons, also have a classical entropy, the Gibbons-
Hawking entropy [31], associated with them that scales as their spatial area. Hence, applications of entan-
glement entropy to cosmological spacetimes are of particular interest. De Sitter spacetime offers an espe-
cially convenient setting to study the entanglement entropy. This is partly due to its maximal symmetry,
which makes sprinkling into it considerably easier in comparison with sprinkling into more generic curved
spacetimes. Of course, any sprinkling into de Sitter spacetime would not represent the full global de Sitter
spacetime, as that has infinite volume and would therefore require an infinite number of elements, which is
computationally not feasible. Instead, sprinklings into finite slabs of global de Sitter spacetime are used, and
it is ensured that any results obtained are stable under making the volume of the slab larger and larger.
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BT AMEMTR I T — MASIMERHIHESE, XG5 T R BAR AR, AT HE — AR A
A, TSP RN SRR R R RS 2, R, FIEPERIN 2 R O TR T e e B R B A TR R 2,
RN ARV IR B AREIR, RIEFRZEICR TR, RETRE AT, KRR AR 2
AR PEPE R N S A TR Y) A s, HEIESKAEVI A R WTE REITE LS, FTSas RIGLREHE
TEo

Another attractive feature of working with de Sitter spacetime is that an expression for the retarded Green
function, in terms of causal set quantities, is known in this context [32]. This gives us the starting point in
(26). The SJ Wightman function in causal sets sprinkled into de Sitter spacetime was studied in [33]. The
entanglement entropy in causal set sprinklings of de Sitter slabs, using the formalism reviewed in this chapter,
was studied in [34]. In particular the entanglement entropy associated with the subregion within the horizon
of a static observer at the North Pole was considered. This subregion and its causal complement are shown in
the conformal diagram in Fig. 9.

PR PR B 5 — MEBE T, X H 5 T URRE S ERRHHER SR BERIAZ E AR
[32], XAFEMGH T (26) A R SRR [33] AFF T EPRIIN 2R IR & R ST g
BRE SR [34] FIFIAE RIBATE AR, B TIEPERFU) A RUER SR S S HrIZHZEM, BIADTSE
T ALHRALFAS MBS N T IR R, 1% T DX R SR AR LA 9 YT,

Similar to the case of the causal diamond, the spectrum of iA has two characteristic regimes: a branch
of eigenvalues that are larger in magnitude and follow a power law and a branch of more numerous small
but nonzero eigenvalues that do not follow a power law. Without truncating away this second branch, once
again a spacetime volume scaling is obtained. A spatial area scaling is recovered only after implementing
a double truncation. However, choosing a precise double truncation scheme is more subtle in this case, as
we lack analytic results in de Sitter spacetime to guide us. In other words, we do not know exactly how the
eigenvalues of iA relate to something like a k., in de Sitter space. In the absence of analytic results to guide
us, one can estimate the transition between the power law regime and nonpower law regime using a number
of different strategies. Some of these strategies were studied in [34] and shown to yield spatial area laws.
However, in that work it was found challenging to hone in on a unique prescription for the truncations, as
many different choices yielded area laws. On the other hand, complementarity of the entanglement entropy
was found to be a property that was difficult to preserve, since in the second truncation it was unclear which
(nonunique) truncation in a subregion ought to be paired with which (nonunique) counterpart truncation in
the causally complementary subregion. We will return to this point of finding a general truncation scheme in
the concluding section of this chapter.
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Fig. 9 Entangled wedges corresponding to the horizon of a static observer at the North Pole (green) and
its causal complement (purple). The dashed lines represent the boundaries of the slab, =Ty < T < T »

in de Sitter spacetime ds? = ﬁ (—=dT? +dQ3_))
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Nonlocal Quantum Field Theory

BRgE T 5ie

Ordinarily, the retarded Green function which is the starting point of (26) would be obtained via the
Klein-Gordon equation in the continuum. In causal set theory, we do not have a local field equation that is
the analogue of the Klein-Gordon equation. Instead, we must obtain Gy through other means. There is no
general recipe in causal set theory for deriving G . Expressions for it are known in a few distinct cases with

help from the continuum analogues of these Green function and dimensional analysis.
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While a local analogue of the d’Alembertian [] and therefore the Klein-Gordon equation does not exist in
causal set theory, a nonlocal analogue of it does [35-38]. In fact a whole family [J; of nonlocal d’ Alembertians
exists, with each member distinguished by a nonlocality scale ¢ . For example, in 1+ 1D, [J ¢ at the element
X € C is defined to be [35]

RERRESIEHAFERVURER O (CANRGESER- R T518) BREEELL, (HfstAEeniE
JEtsiEE Lt [35-38], Khn b, RIREFIRHFAE BN ERBEMIURERE O, B EE—
AFEMERRIE € X7 B8N, 1+ 1D,k IR x € € ALHEH WURRARFE L [35]

Oep (9 = 5 (%qs(x) +e Y, fn <x,y>,s)¢(y>), (33)
o

y<x

where ¢, is the discreteness scale, ¢ = €f,€k, n(x,y) is the number of elements in the causal diamond

between x and y , and

Hrbt o, RBBIRE, ¢= 300,n(xy) B x 5y ZRESGHOTE8E, 1

(34)

2en e2n(n— 1))
+ 5 |-
I-¢ 21-9

The nonlocality of (33) is evident in the fact that in order to know the action of the d’ Alembertian on

f(n,s)z(l—s)n(l—

the field at the point x , we must consider a sum of quantities involving a set of other elements y to the past

of x . Therefore, this nonlocality has a causal, or more specifically retarded, nature.

2 (33) AR+ 0 B EERNAM VURBEAHER R x A0SR, BB ES xR
T —RANVHMITTR y FIRRM, Kk, XAIEREEEARERNE, HEiEmithy, BAHIRME,

In the infinite density limit (¢, — 0) , the mean of [Jy over all sprinklings into a spacetime reduces to

the usual continuum d’Alembertian plus a term containing the Ricci scalar curvature [36]:

TETCT HBERIR (6, — 0) &, XA TARNSHERER G, O BT IIESSHA VURE
I L — M B AR A ZR AT [36]:

Jim T 09 = (O~ 3R00) 6 . (39)

With these nonlocal retarded causal set d’Alembertians at hand, we can now invert them to obtain their
corresponding retarded Green functions G , for use in (26). This was done in [39] for nested causal dia-
mondsin1+1,2+ 1, and 3 + 1-dimensional Minkowski spacetime. Once again, as in the local calculations,

only after the use of a double truncation, the expected spatial area scalings were obtained.

27



SENX LR RIBHEIR ARG SR DUR BTG, BATTELERT DO ERISE, 1S 20 R A HER SRR 2L
Gry, PABEI (26) EFH. ST [39] TEHXT 1+ 1,2 + 1 HAHRERISRZZTEAN 3+1 4EX RN 22585 T
X—TAF, SREEITRENEE—F, RAELENEREIE, 7 eSS 2 A AR .

Discussion and Outlook
Withs Ry

Entanglement entropy in causal set theory is a powerful way to covariantly and unambiguously count
the quantum field degrees of freedom one has access to in settings such as spacetimes with event horizons.
One must know the scalar field retarded Green function in the spacetime of interest in order to carry out the
entanglement entropy calculations, as well as a double truncation rule in order to project out the irrelevant

degrees of freedom in the causal set.

IR HIC AR 2R IRE — Mo A IRI75 7K, RERSPE HAARRH TR A S AL BN 231X 2887
SRR R T H ., BT TR, SA0S 2 AR iR R RS AR,
2 — SRR T AR SR 35852 th R SRER R TE SR B H

An expression for the retarded Green function in causal sets approximated by generic curved spacetimes,
in terms of quantities intrinsic to the causal set, is not at present known. Such an expression is known in a
few cases, such as the Minkowski and de Sitter examples reviewed above. Nonlocal versions of these Green
functions, as discussed in section "Nonlocal Quantum Field Theory,” can be computed more generally. Al-
ternatively, viewing the causal set as a Lorentzian and covariant discretization of the continuum, we can also
simply take the Green functions and/or correlator expressions from the continuum and restrict them to the
causal set elements. Thereby we would be regulating any coincidence limit divergences that may be present,

by imposing the minimum distance set by the causal set discreteness scale.

HAl, Bt — R a2 S SR RS, WRTGE5E 2 i RIR B N B R FR AR
HEORN, (HEDEUETE T EIEZAENFRIAT,  Hean b S R)Eii) B [l 22 A Pa eI == 6+, 1E4n
“IEEBE T —TRTTIEH), XA I A DR — R A E 0 N HH RS, 5
H, KRREMNESGHTBC AR REUL, FATHA] PUE R W LLGE FH IR B PR R B /8058
PRERBEOAR, FPRHIRFIERIRE TR b Xty =X, AR AR RS MU E R
/N, MEBAATREF EREME SRR L

As mentioned, it is also necessary to have a prescription for the double truncation in order to meaning-
fully study entanglement entropy in causal set theory. This prescription is well-understood in the massless
theory in causal diamonds in 1 + 1D flat spacetime. As shown in [23] and [25], the same prescription can
be used for the case of multiple disjoint causal diamonds as well as the massive scalar field theory. More
generally, the same prescription can be used in any 1 + 1D scalar field theory (e.g., the nonlocal theory or in
curved spacetimes), as long as the intermediate scale is far from the discreteness scale. This is because the
truncations concern the deep UV regime of the theory, which has the same character in all theories where

the other length scales are far from the discreteness scale.
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In [34] some generalizations of the 1+ 1D causal diamond double truncation scheme were studied and ap-
plied to calculations in causal diamonds in 3+ 1D Minkowski spacetime as well as slabs in de Sitter spacetime.
One strategy was to keep aN % of the largest eigenvalues and their corresponding eigenfunctions, where a
is a constant that is a free parameter (several choices for a were investigated). This counting is motivated by
the expectation that the number of independent degrees of freedom is the number that would lie within some
approximate Cauchy surface-like submanifold (e.g., a thickened antichain). The number of elements in such
a submanfiold would be proportional to its volume, which is approximately V% . This strategy succeeds in
yielding area laws, but it does not produce a unique prescription (many choices of « are possible), and com-
plementarity is difficult to achieve. Another strategy was to try to estimate the transition between the power
law to non-power law regime in the spectrum, through estimating when the approximate linear trend in Fig.
6 ends and begins to curve. This strategy sometimes succeeds in producing an area law, but it too suffers from
an ambiguity in how and how sensitively to define the transition from power law (line on the log-log scale)
to nonpower law (curve on the log-log scale). There are some other possible truncation schemes that would
merit future investigation. For example, one ansatz could be that in the power law regime, each n th (positive)
eigenvalue 1,, of iA (in any dimension), when sorted from largest to smallest, is proportional to nip , Where the
proportionality constant is given unambiguously by the value of the largest eigenvalue (where n = 1 ) and p
can be approximated from the spectrum. For example, we know that p = 1 ig tlhe causal diamond in 1 + 1D

and p = % in the causal diamond in 2+ 1D . We can then choose n,,,, tobe N D and estimate the magnitude

Amax

of the smallest eigenvalue in the power law regime to then be 4,,;,, = -1 -
N D
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More analytic results for the eigenvalues of iA in the continuum would also aid our understanding of

the eigenvalues in the causal set and better inform our truncation schemes. It is, however, quite difficult to
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analytically solve for the eigenfunctions of integral operators.

PIGELLE T iA FEEE MR, WA TRITEMR AR ENRIEE, HOVTMBIENTT =
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Another perspective is that there should be no truncations and that all nonzero eigenvalues and eigen-
functions must contribute to the entropy [40]. However, even in this case, we must face the question of how
small of an eigenvalue we can really expect to exist in the causal set calculations. Remember that we have
the condition (6) that iAv # 0. Due to the numerical nature of the calculations, there is always some degree
of numerical error, and we must identify a threshold beyond which to set the values to zero. While doing so,
we must also assess whether we are throwing away anything physical due to the numerical error. Therefore,
a better understanding of the truncated contributions and what solutions can be meaningfully supported on

the causal set is needed.

55— RN AN T AR, A A E AR B AR R 28R L 4 X5 ik [40], (L RIMEAEIX
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In [25] some insight was gained into the nature of the truncated contributions. Motivated by the observa-
tion that the untruncated contributions had continuum-like analogues whereas the truncated ones did not, as
well as the observation that the truncated eigenfunctions had many sharp variations at the discreteness scale,
it was investigated whether the truncated contributions may be fluctuations particular to a given sprinkling.
Namely, it was investigated whether these contributions were random fluctuations that behaved differently
from one sprinkling to the next, or whether they had features which persisted over an ensemble of different
sprinklings. There are different prescriptions one can use to investigate this; one particular scheme, involving
fixing a coarser sub-causal set in order to use it to take averages, was used in [25]. Indeed, evidence was found
in favor of this conjecture that the truncated contributions are fluctuation-like, and the scheme studied in [25]
indicated a transition point to the fluctuation-like regime that was consistent with the double truncation in
the causal diamond in 1+ 1D . This is promising both as insight into the nature of the truncated contributions
and as practically in order to use it to inform a double truncation scheme in more general settings. The transi-
tion to fluctuation-like behavior can thus potentially be used in general to distinguish between contributions

we must keep and ones we must not.
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There are many other applications of the entanglement entropy formulation reviewed in this chapter that
would be interesting to explore in causal set theory. For example, up to first order in perturbation theory, the
entanglement entropy for interacting scalar field theories such as those introduced in [41-43], can be studied.
There is also an analogue of (5) for Fermionic field theories, except with the anti-commutator appearing in-
stead of the commutator. Currently, there is no known construction of a Fermionic field theory on a causal
set, in terms of quantities intrinsic to the causal set. When such a construction is available, the entanglement
entropies of Fermionic field theories could also be studied.
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